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The inertia term becomes relevant for the magnetization dynamics of ferromagnets at short time
scales and leads to nutation motion of the magnetization vector. In the simplest model, of a Heisen-
berg spin chain with isotropic spin-exchange interaction, the occurrence of a “nutation wave” is
analytically demonstrated and numerically confirmed. The corresponding excitation spectrum de-
scribes relativistic massive particles. The single–particle excitation, the “nutaton”, acts like the
Higgs boson with respect to an emergent topological gauge field. This spin excitation would appear
as a peak in the spectrum of the scattering structure factor from inelastic neutron scattering exper-
iments. The high frequency and speed of the nutation wave can open new paths towards new ways
of realizing ultrafast spin dynamics.
Introduction.— Spin dynamics plays a crucial role in
technological applications of magnetism and is one of the
mainstays in the emerging field of spintronics [1]. As the
demand for efficient and high speed electronic devices
is becoming more urgent than ever, the drive towards
fast or even ultrafast spin dynamics [2][3][4] has been an
object of intense pursuit by the research community. Of
particular importance in spin dynamics is its applications
to devices that involve magnetic switching, where an in-
formation bit is encoded by the orientation of magnetiza-
tion and a change of state is realized by the switching of
the magnetization between two opposite directions. Thus
far, magnetic switching in most electronic devices relies
on domain wall motion and precessional motion of the
magnetization vector, both of which are however rela-
tively slow and rely on very strong magnetic fields. This
limits the speed of the available magnetic data storage
devices [5].
The precessional motion and spin wave describe low-
energy massless excitations of spin systems. When
spin dynamics is described by the well known Landau-
Lifshitz-Gilbert equation, recent theoretical studies us-
ing several different approaches have found that a new
term, corresponding to the inertia of a spin or single do-
main of uniformly magnetized ferromagnet, appears at
short time scales [6][7][8][9][10][11], distinct from the in-
ertia of topological defects or spin textures such as that
of a Skyrmion bubble [12]. The former has been pre-
dicted to give rise to a new type of motion, the nutation
of the spin, which is a cycloidal motion with a high char-
acteristic frequency, which may thus become relevant for
ultrafast spin dynamics.
In this Letter, we point out that a novel type of collec-
tive excitation appears in spin chains, with such an on-
site inertia term, where the sites interact through spin
exchange interaction. This excitation takes the form
of a wave of nutation, to be referred to as the “nuta-
tion wave”. The corresponding single-particle excitation,
called the “nutaton” here, is found to have a gap at zero
wave vector and the spectrum of a relativistic particle,
that we identify as the Higgs mode arising from the cou-
pling between scalar bosons and a emergent gauge boson.
Experiments that could probe these properties are pro-
posed.
Theory Part 1: Dynamical Equation.—We elucidate
the occurrence of nutation wave as follows. Con-
sider the inertial Landau-Lifshitz-Gilbert (ILLG) equa-
tion [6][7][8][9]:
dM
dt
= γM×
[
Heff − η
(
dM
dt
+ τ
d2M
dt2
)]
(1)
in terms of the magnetization vector M, where γ =
ge/(2mc) is the gyromagnetic constant, η is the Gilbert
damping and τ is the spin relaxation time. The second
time derivative is an inertia term that has been shown
to give rise to nutation, that is oscillatory motion on top
of the damped precessional motion produced by the first
two terms on the right hand side [6][7][8][9]. Intuitively
speaking, this oscillatory motion originates from a new
precessional motion around an effective magnetic field for
which the d2M/dt2 behaves as an effective field which is
directed along the radial direction perpendicular to the
H, which is normally taken along the z direction.
Existing studies have so far assumed perfectly uniform
magnetization subject to uniform external field Heff =
H. In realistic situations, there would be spatial variation
in the magnetization even in single domain system. We
analyze here the consequences of such spatial variation.
The starting point is the free energy of a ferromagnet [13]
F˜ =
∫ (
f0(M) + Unon−u −M ·H− H
2
8pi
)
dV (2)
where f0(M) is an appropriate free energy term in terms
of M , Unon−u is energy due to nonuniformity in magne-
tization and H is the external magnetic field. Within
exchange approximation, the non-linear energy to lowest
order is given by [13]
Unon−u =
1
2
Jij
∂M
∂xi
· ∂M
∂xj
(3)
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2where i, j = x, y, z. The immediate effect of a spatial
variation in the magnetization enters via the effective
field [13], obtained by δF˜ = − ∫ Heff · δMdV and gives
[13]
Heff = H+ Jij
∂2M
∂xi∂xj
(4)
in the ILLG equation Eq.(1).
We consider the simplest situation of one-dimensional
spin systems with isotropic ferromagnetic Heisenberg
spin exchange interaction, for which Jij = δijJ, i, j = x.
The Unon−u term in eq.(3) describes a non-local exchange
interaction [11] that could be long-ranged. Our approach
should therefore in principle be generalizable to three-
dimensional ferromagnetic spin systems in bulk or thin
film macroscopic geometries and there, the theory thus
applies at finite (but below the Curie) temperatures as
well.
With such Heff , we obtain a modified Landau-Lifshitz-
Gilbert equation
dM
dt
= γM×
[
H− η
(
dM
dt
+ τ
(
d2M
dt2
− v2iner
∂2M
∂x2
))]
(5)
where
v2iner =
J
ητ
(6)
ILLG equation is an inherently nonlinear equation. We
consider a single ferromagnetic domain configuration
with small spatial non-uniformities, i.e. no domain walls
or solitons. In order to describe small fluctuations or ex-
citations around a ground state configuration, it’s helpfl
to linearize this ILLG equation by expanding
M(x, t) = M0 + M˜(x, t) (7)
around an equilibrium magnetization M0 and rewrite the
ILLG equation in terms of the fluctuating field M˜(x, t).
Furthermore, anticipating a harmonic solution with well-
defined velocity, we rewrite Eq.(5) in space-time transla-
tional invariant form by expressing the total time deriva-
tive in terms of partial derivatives that give, upon rotat-
ing the coordinates to factorize the second derivatives,
the following equation
gM˜ = γ
[
M0 × H˜− ηM0 ×
(
g + τ ′2s
)
M˜− H˜× M˜
]
(8)
where the d’Alembertian operator is given by v = ∂t′ −
v∂x′ (with v = ±v˜g, v˜s=±). The velocity v˜g is an averaged
group velocity that characterizes the possible wave-like
solutions of the Eq.(8) while v˜s=± = sviner±vg is another
velocity variable that reflects the relativistic part of the
linearized ILLG equation [14]. Eq. (8) contains a part
that mimics the one in the standard wave equation,
2cψ =
(
∂
∂t
− c ∂
∂x
)(
∂
∂t
+ c
∂
∂x
)
ψ = 0 (9)
x
tM
FIG. 1. The time evolution of the spherical angles of the
spins θ(x, t)(left/top) and φ(x, t)(right/bottom) on the spin
chain.
describing wave solution ψ(x ± ct) traveling with speed
vs=± = sc. Eq. (8) represents a non-trivial partial dif-
ferential equation for a vector field M˜ with both non-
relativistic and relativistic wave equation parts and sub-
ject to driving term due to the applied magnetic field.
Eq. (8) should thus admit some traveling wave solutions,
that represent propagation of the perturbation M˜(x, t)
across the spin chain. Now, according to recent works
[6][7][8][9], the second temporal derivative term gives rise
to a perturbation that describes cycloidal motion on top
of the precessional motion and is called nutation. We
thereby refer to such a wave as a “nutation wave”, in
direct analogy to the spin wave, which is a traveling
wave of precession, with viner as the “characteristic ve-
locity” of the former. The principal difference between
the nutation and precession is that the former changes
M⊥ =
√
M2x +M
2
y while the latter preserves it, leaving
|M| = √M2⊥ +M2z = Ms fixed.
In order to verify the existence of such propagating
wave solution in the original ILLG equation, we solved
Eq.(5) numerically. To isolate the nutation wave and
suppress the spin wave, we set the DC magnetic field to
zero HDC = 0 while applying a electromagnetic wave,
described by HAC with a frequency that should match
that of the nutation wave (resonance frequency). The
electromagnetic wave driving field serves to excite the
nutation motion as well as to help drive it across the spin
chain. An example profile of the solution for M(x, t) is
shown in Fig. 1. which clearly shows the occurrence of
the nutation wave in terms of the spherical angles θ(x, t)
and φ(x, t) (a spin wave would only display a periodic
pattern in φ(x, t)). The existence of the nutation wave is
made possible by the exchange field that “mediates” the
propagation of this wave. The details of the numerical
simulation are given in [14].
Dispersion relations.—We now derive the dispersion
relation of the nutation wave by linearizing the equa-
tion of motion Eq.(5) as follows. We consider a situation
where the equilibrium magnetization is oriented around
3MdM
H_ac M_o
FIG. 2. The profile of magnetization vector with nutation
around the equatorial plane.
the equatorial plane of the sphere where the magneti-
zation vector lives, as illustrated in Fig. 2. where we
display only a single spin as a representative figure. In
most cases of interest, the nutation effect is normally
much smaller in magnitude than principal magnetization
that undergoes the precession. It is therefore legitimate
to linearize the equation of motion Eq.(5) by using Eq.(7)
which describes only nutation with no precession when
HDC = 0.
We thus obtain [14],the following dispersion relation
for the nutation wave
nw(k) =
√
v
′2
inerk
2 +m′2 (10)
where v
′
iner and m
′ are the characteristic velocity viner
and mass of the nutaton renormalized by ωn and τ [14],
v
′2
iner = v
2
iner
(
1− ω
2
n
4m4τ2
)
,m′2 = m2
(
1 +
ω2n
4m4τ2
)
(11)
with a gap (mass)
m2 = ω2n −
1
4τ2
> 0 (12)
where ωn, kn are the characteristic frequency and wave
vector of the nutation. The characteristic frequency ωn
is taken to be the nutation resonance frequency, given by
ωn =
√
1 + ατγH/(ατ) [9], where H is the DC magnetic
field strength and α = γMsη is the dimensionless damp-
ing constant. In all realistic situations, ω2n/(4m
4τ2) 1
[14]. The nutation wave dispersion relation eq.(10) de-
scribes a relativistic massive particle spectrum, which
thus distinguishes itself from the usual dispersion rela-
tion of a spin wave.
The standard spin wave (magnon) spectrum is given
by sw(k) = 2JS(1− cos k) = 4JS sin2 k/2 in one dimen-
sion [16]. We can re-derive this spin wave dispersion by
considering the precessional mode of Eq.(5), which in the
absence of Gilbert damping gives
sw(k) = γJMsk
2 (13)
which agrees with the standard form at small k. Surpris-
ingly, the inertial mass term does not affect the spin wave
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Energy ϵ(k)Energy dispersion of nutationwave vs spinwave
FIG. 3. The energy dispersion of the nutation wave nw(k)
(upper curve) vs energy dispersion of spin wave sw(k) (lower
curve) in arbitrary units.
nutation
precession
FIG. 4. A Φ4 potential superimposed on the sphere in Fig.2.
describing the precession along azimuthal and nutation away
from equator. The horizontal (vertical) axes (axis) represent
the order parameters (energy).
dispersion at all and the latter remains gapless. A spin
wave can thereby move at arbitrarily small energy across
the spin chain. On the other hand, a nutaton needs a
finite energy to move even at infinitely small wave vec-
tor as illustrated in Fig. 3. The existence of both waves
agrees with the observation that Eq.(8) possesses both
non-relativistic and relativistic features, corresponding
to the spin wave and nutation wave respectively. Since
our theory describes a ferromagnetic spin chain, symme-
try breaking only occurs at T = 0 and quantum fluc-
tuations would only produce low-energy excitations; i.e.
the spin waves. As the nutation wave is a gapped excita-
tion, we need a periodic driving field (e.g. an electromag-
netic wave) to excite the nutation wave to finite energy
(nw(k) > m
′) and nonzero k, as we did in our numerical
simulations.
Theory Part 2: Nutation Wave as a Higgs Mode:
Emergent Gauge Field Theory—The observation that
nutaton is massive raises a natural question about what
physical mechanism gives rise to its mass (gap). We
demonstrate below that the appearance of the gap is
a realization of the Brout-Englert-Higgs mechanism [18]
where the nutaton acts as a longitudinal (amplitude)
Higgs mode in terms of M⊥, analogous to the Higgs am-
plitude modes in superconductor [19] or quantum mag-
netism [20][21].
To this end, consider the standard Lagrangian describ-
4ing the Abelian Higgs model [22]
L = −1
4
F 2µν + |DµΦ|2 − V (Φ) (14)
where the complex scalar field Φ is given by
Φ = Mz + iM⊥ = Mseiχ (15)
M⊥ =
√
M2x +M
2
y , χ = tan
−1 M⊥
Mz
(16)
with covariant derivativeDµ = ∂µ+ieAµ and the Abelian
gauge field here is an emergent (i.e. not the physical
electromagnetic) gauge field given by
Aµ = −1
e
∂µχ (17)
and e is the corresponding effective gauge charge. This
gauge field thus represents the spatial and temporal vari-
ations (i.e. gauge fluctuations) of the spin orientation
[23][24]; the phase fluctuations of Φ. Note that due to
the definition of χ in Eq.(16), Aµ is not a pure gauge.
The Lagrangian is clearly Lorentz invariant and also has
gauge invariance: it is invariant under the gauge trans-
formation
Φ→ eiξΦ, Aµ → Aµ − 1
e
∂µξ (18)
which corresponds to the rotation of the magnetization
vector M on a sphere of radius Ms [24] that brings M =
(M⊥,Mz) to M′ = (M′⊥,M
′
z) and gives
ξ = tan−1
M ′⊥Mz −M⊥M ′z
MzM ′z +M⊥M ′⊥
(19)
where M⊥ = (Mx,My),M′⊥ = (M
′
x,M
′
y) and |M| =
|M′| = Ms. Note that for our one-dimensional spin sys-
tem (spin chain), only µ, ν = 0, 1 ≡ t, x and At, Ax are
present and as a result, the Fµν = ∂µAν − ∂νAµ only
gives Ex = −∂xAt − ∂tAx while all other field tensor
components vanish.
The potential V (Φ) is that of the standard Φ4 theory
illustrated in Fig. 4.
V (Φ) = −µ2|Φ|2 + λ
2
|Φ|4 (20)
Now consider the symmetry breaking due to a vacuum
expectation value of Eq.(21) given by Φ0 = iMs such
that
|Φ0| = |〈Φ〉| =
√
µ2
λ
(21)
This describes magnetization, that is uniformly oriented
on the xy (equatorial) plane in the vector M space in
Fig. 2.
We add fluctuations around this symmetry-breaking
ground state
Φ(x) = Φ0 +
1√
2
(Φ1(x)− iΦ2(x)) (22)
where we note by comparing with Eq.(15) that
Φ1(x)/
√
2 ≡ δMz while −Φ2(x)/
√
2 ≡ δM⊥. Now, con-
sider a functional subspace for which
Φ2(x) =
√
2Ms
(
1−
√
1− Φ
2
1(x)
2M2s
)
(23)
This configuration satisfies the constraint
|Φ(x)|2 = M2s (24)
In other words, there exists a functional subspace for
which the fluctuations Eq.(22) preserve the magnitude
|M| = Ms, corresponding to the sphere in Fig. 2. There-
fore, the fluctuation of eq.(22) represents an amplitude
mode [25] in terms of M⊥ rather than |M| = Ms as the
latter is fixed. Substituting eq.(22) into eq.(20), we ob-
tain
V (Φ1,Φ2) = −µ
4
2λ
+ µ2Φ22 +O(Φ31,Φ32) (25)
Clearly, the Φ2 field that changes the M⊥ =
√
M2x +M
2
y
acquires a mass m22 = 2µ
2 which corresponds to the m′
in eq.(10) while Φ1 remains massless. A M⊥-changing
fluctuation, corresponding to the nutation wave is thus
massive. On the other hand, a M⊥-preserving motion
should be massless and this corresponds to the preces-
sion and the spin wave associated with it, in complete
agreement with the analysis of the dispersion relations.
The nutation wave thus acts as the Higgs boson while
the spin wave remains massless.
The gauge field Aµ = −(∂tχ, ∂xχ, 0, 0)/e acquires a
mass term
δL = 1
2
m2AA
2
µ (26)
where
m2A = 2e
2µ
2
λ
(27)
This result demonstrates that the phase fluctuating field
acts as the gauge vector boson that gains mass via this
Higgs mechanism in ferromagnets and as a result acquires
one degree of freedom.
Discussion and Summary.— The nutation wave
would appear as a peak with gap in the struc-
ture factor S(ω, k), as measured in inelastic neutron
scattering experiments where the peak is given by
ω = nw(k). Our results could be directly verified
in one-dimensional or quasi-one-dimensional magnetic
materials such as CuCl2 − TMSO, C4H8SO(TMSO),
5C2H6SO(DMSO) and (C6H11NH3)CuCl3 [26]. Consid-
ering C4H8SO(TMSO) and C2H6SO(DMSO), the best
fit gave exchange constants Jexch/kB = 39K and 45K
(where kB is the Boltzmann constant) and lattice spacing
a ' 2A˚ [26]∗∗.Using J = Jexch/(M2s a), γ = 1.75 × 1011
sA/kg, τ = 10−14s, Ms = 106 A/m and α = γηMs = 0.1
[8], we obtain the nutation wave resonance frequency at
k = pi/a to be nw(k = pi/a) ' 6.3 × 1015 Hz and char-
acteristic velocity viner =
√
γJMs/(τα) ' 22 × 103 m/s
which is nearly one order of magnitude larger than the
characteristic group velocity of the corresponding spin
wave vsw = ∂ωsw(k)/∂k|k=pi/a ' 3.5 × 103 m/s, close
to that known in literature (e.g. [27]). Typical val-
ues of α are smaller than what we used above, which
thus would make the nutation wave characteristic veloc-
ity viner even larger than that of the spin wave vsw. With
such peta Hertz resonance frequency, the nutation wave
can be generated by applying a sub-pico (femto) second
optical pulse over one period of the electromagnetic wave
[4].
From the practical point of view, the nutation wave
may have significant consequences in the field of spin-
tronics. In particular, despite being smaller in ampli-
tude, compared to precession spin wave [9], the nutation
wave has much higher characteristic frequencies than the
latter. The nutation wave is thus expected to open a
way to the development of new approaches toward ul-
trafast spin dynamics, such as in realizing much faster
magnetic switching processes than those relying on the
spin wave [28]. This could be realized for example on
domain wall motion, driven by nutation waves, which is
expected to be much faster than that due to spin waves.
Nutation waves may also lead to faster spin flip scatter-
ing, that drives the demagnetization needed in magnetic
switching process, because the demagnetization speed in-
creases with the strength of the interaction that drives
the spin-flip process [29]. The speed of nutation wave is
proportional to the (square root of the) spin exchange
interaction, which is relatively strong in quantum mag-
netic materials, thus realizing the type I ultrafast spin
dynamics according to the classification of [29]. Our re-
sults should therefore motivate further experimental and
theoretical works on high speed spin dynamics.
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In these Supplementary Materials, we give the details of the calculations.
I. LINEARIZED LANDAU-LIFSHITZ-GILBERT
EQUATION
To describe a harmonic solution with well-defined ve-
locity, we rewrite Eq.(5) in the main text in a form
that renders space-time translation invariance manifest
by expressing the total time derivative in terms of par-
tial derivatives
dM˜(x, t)
dt
=
∂M˜
∂t
+
dx
dt
∂M˜
∂x
=
∂M˜
∂t
± vg ∂M˜
∂x
= gM˜
(28)
d2M˜(x, t)
dt2
=
∂2M˜
∂t2
± 2vg ∂
2M˜
∂x∂t
+ v2g
∂2M˜
∂x2
= 2gM˜ (29)
where vg is an averaged group velocity.
In the linearized ILLG equation Eq.(8) in the main
text, the relations between the transformed variables and
original variables are derived as follows. The second
derivative terms in Eq.(5) in the main text upon lin-
earization become
∂2M˜
∂t2
± 2vg ∂
2M˜
∂x∂t
+ (v2g − v2iner)
∂2M˜
∂x2
(30)
The resulting linearized equation constitutes a nontriv-
ial partial differential equation for the dynamical vector
field M˜(x, t) which contains both non-relativistic and rel-
ativistic parts. To expose the relativistic character, we
perform a Lorentz boost transformation along x
t =
1√
1− v2c2
(
t′ +
v
c2
x′
)
, x =
1√
1− v2c2
(x′ + vt′) (31)
where the appropriate v and “speed of light” c are to be
determined. We factorize the second derivative terms of
the ILLG equation:
∂2M˜
∂t2
± 2vg ∂
2M˜
∂x∂t
+ (v2g − v2iner)
∂2M˜
∂x2
=
(
∂
∂t′
− v˜s=+ ∂
∂x′
)(
∂
∂t′
− v˜s=− ∂
∂x′
)
M˜ = 2sM˜
(32)
where the velocities v˜s=± given by
v˜s=± = sviner ± vg (33)
are those of the wave equation defined by setting both
sides of Eq.(32) to zero. We perform a Fourier transform
on both sides of the equation
M˜(x, t) =
∫
dωdk
(2pi)2
M˜(k, ω)ei(kx−ωt) (34)
and make use of the Lorentz boost transformation to ar-
rive at a relation between the Fourier transform of the
two sides that gives
− (kγv − ωγ)2 + (v˜s=+ + v˜s=−) (kγv − ωγ)
(
kγ − ωγv
c2
)
− v˜s=+v˜s=−
(
kγ − ωγv
c2
)2
+ω2− 2vgωk+ v2gk2− v2inerk2 = 0
(35)
Matching each term in powers of ω, we obtain
v = 0, v = − 2c
2vg
c2 + v2g − v2iner
, v =
−c2 − v2g + v2iner
2vg
(36)
Equating the two nontrivial solutions for v gives
c = vg ± viner (37)
Eventually, as we will see later, we can define vg to be
an averaged group velocity of the wave solution of Eq.
(5) in the main text while v itself is the group velocity
of each mode: v = vg(k) of the excitation of our inter-
est. Since we are mainly interested in the nutation wave,
which turns out to have a massive relativistic particle
spectrum, we use v = vg(k) for the nutation wave (which
we will compute in the next section) which means that we
aboard a frame of reference attached to a Fourier mode
of the nutation wave with wave vector k. We will show
that vg = Kviner where 0 < K ≤ 1 upon the application
of electromagnetic wave and as a result, c = (K±1)viner.
Since the maximum group of the nutaton is vmaxg = viner,
we consider c ≤ viner. When |K ± 1| = 1/2, we have
|v˜g|, |v˜s=±| = viner/2 which makes Eq.(8) in the main text
7manifest not only space-time translational invariance but
also the Lorentz invariance.
The scaled variables in the linearized equation are
given by
τ ′ =
τ√
1− v2c2
(38)
H˜ =
H√
1− v2c2
(39)
while
viner =
√
J
ητ
(40)
The first derivative terms on both sides of the Eq.(5) in
the main text become
∂M˜
∂t
± vg ∂M˜
∂x
→ ∂M˜
∂t′
± v˜g ∂M˜
∂x′
(41)
where v˜g = vg. One should note Eq.(8) in the main text
represents a form of non-trivial driven vector wave equa-
tion with non-relativistic and relativistic parts, represent-
ing the spin wave and nutation wave respectively. In this
case, we do not have one constant of motion defining the
velocity of the wave solution like that in electrodynamics.
Only at one special point when |v˜g| = |v˜s| do we have a
manifest Lorentz invariance. The average group veloc-
ity v˜g also represents an statistical averaged velocity of
a group of modes rather than one unique mode. Despite
the absence of exact Lorentz invariance corresponding to
one unique wave solution, Eq. (8) still nevertheless ad-
mits wave-type of solutions, one of which corresponds to
a relativistic wave solution corresponding to the nutation
wave.
II. DERIVATION OF THE DISPERSION
RELATION OF THE NUTATION WAVE
We now derive the dispersion relation of the nutation
wave by linearizing the equation of motion Eq.(5) as fol-
lows. We consider a situation where the equilibrium mag-
netization lies on the equator of the sphere where the
magnetization vector lives, as illustrated in Fig. 2 where
we display only a single spin as a representative figure.
In order to isolate the nutation wave and suppress the
spin wave, we set the static DC magnetic field to zero
while applying an electromagnetic wave, which carries
the AC magnetic field HAC. The AC driving field serves
to excite the nutation motion as well as to drive it across
the spin chain. In most cases of interest, the amplitude of
the nutation wave is normally much smaller in magnitude
than the magnitude of the magnetization that undergoes
MdM
H_ac M_o
FIG. 5. The profile of magnetization vector with nutation
around the equatorial plane.
the precession. It is therefore legitimate to linearize the
equation of motion Eq.(5) by writing
M(x, t) = M0 + δM(x, t) (42)
where we consider the case without static magnetic field,
so that we do not have precession and we are left with
nutation. Performing the Fourier transform on Eq.(5)
upon linearization, we obtain the following equation:
−iω(δM(k, ω) ·HAC(ω)) = HAC(ω)·
γ
[
M0 × η(iω + τ(ω2 − v2inerk2))δM(k, ω)− C (HAC(ω)× δM(k, ω))
]
(43)
where C (A(ω)×B(ω)) represents the convolution of the
vector functions A and B in frequency space. It is realis-
tic to consider a situation where the nutation fluctuation
δM is always normal to the direction of the AC magnetic
field of a linearly-polarized electromagnetic field HAC(ω)
so that δM · HAC = 0. With an initial condition such
that M0 lies on the equatorial plane of the sphere where
M lives, we further obtain that M0 ⊥ δM×HAC. As a
result, we obtain the following equation
ω2 + i
ω
τ
− v2inerk2 −
1
τ
(iωn + τ(ω
2
n − v2inerk2n)) = 0 (44)
where ωn, kn are characteristic frequency and wave vector
of nutation, which gives rise to the following dispersion
ωnw(k) = − i
2τ
+
√
v2inerk
2 +
iωn + τ(ω2n − v2inerk2n)
τ
− 1
4τ2
(45)
Taking kn = 0, the real part of nw(k) = Re[ωnw(k)]
nw(k) =
√√√√1
2
(√
(v2inerk
2 +m2)2 +
ω2n
τ2
+ v2inerk
2 +m2
)
(46)
where
m2 = ω2n −
1
4τ2
> 0 (47)
8gives the dispersion relation of the “nutaton” while the
imaginary part describes the decay rate of the nutaton
due to the Gilbert damping. Considering the situation
with v2inerk
2 +m2  ωn/τ , we obtain
nw(k) =
√
v
′2
inerk
2 +m′2 (48)
where
v
′2
iner = v
2
iner
(
1− ω
2
n
4τ2m4
)
,m′2 = m2
(
1 +
ω2n
4m4τ2
)
(49)
For weak coupling between the dynamics along θ and φ,
we have ωn =
√
1 + ατγH/(ατ) [2], where H is the DC
magnetic field strength and α = γMsη is the dimension-
less damping constant [2]. Choosing α ' 0.1, we obtain
ω2n
4m4τ2 ≈ 1/400, which is therefore negligibly small. We
can thus take v′iner ≈ viner,m′ ≈ m for all practical pur-
poses. The energy dispersion is illustrated in Fig. 3. in
the main text.
The group velocity corresponding to the relativistic en-
ergy dispersion of the nutation wave is given by
vg(k) =
∂nw(k)
∂k
=
v
′2
inerk√
v
′2
inerk
2 +m′2
(50)
which suggests that vg(k) ' v′iner for large enough k. The
averaged group velocity in Eq.(8) can be defined by
vg =
∫∞
0
dkf(k)n(k)vg(k)∫∞
0
dkf(k)n(k)
(51)
where n(k) is the density of states and f(k) =
(exp((k)/T ) − 1)−1 is the Bose-Einstein distribution
function for the nutaton. We make the simplest ap-
proximation of constant density of states n(k) = L/(2pi)
which implies that we have one nutation state per unit
cell in the reciprocal k space. Since we are considering
a one-dimensional spin system which can have a broken-
symmetry state at T = 0, we will have to take the T → 0
limit at the end. We also have to note that since the nu-
tatons can be taken as bosons, at T = 0, we will have a
Bose-Einstein condensation of nutatons where they will
lump together at the lowest-energy state at k = 0 with
energy nw(k = 0) = m. Evaluating the integrals in the
numerator and denominator of Eq.(51) gives
vg =
m−√m2 + v2inerpi2a2 + T log
 1−e
√
m2+
v2
iner
pi2
a2
T
1−emT


N(k = 0) +
e−
m
T
√
m
√
pi
2
√
TErf[
piviner√
2a
√
m
√
T
]
viner
(52)
where we have imposed an ultraviolet cutoff Λ = pi/a
where a is the lattice spacing for the upper limit of the
integral over the wave vector k and L is the system size
and we have neglected the renormalization effect of ωn
and τ by taking v′iner = viner,m
′ = m. We take the num-
ber of condensed bosons N(k = 0) to be the number of
lattice sites (unit cells) N(k = 0) = L/a. The remain-
ing terms in the denominator of Eq.(52) vanish in the
limit T → 0 as expected. The numerator also vanishes
at T = 0 due to the fact that all the bosons condense at
k = 0 at which the group velocity is zero, according to
Eq.(50). As a result, vg = 0. However, if we apply an
electromagnetic wave to excite the nutatons, some of the
condensed nutatons will acquire the momentum trans-
ferred by the magnetic field part of the wave and attain
finite k’s at higher energies which leads to
vg = Kviner (53)
where 0 < K ≤ 1. With vg = Kviner, we obtain
v˜s=± = sviner ± vg = viner(s±K) (54)
Eq.(8) in the main text already displays space-time trans-
lational invariance for arbitrary values of 0 < K ≤ 1.
At a special point when s ± K = ±1/2 such that all
the velocity variables appearing in Eq.(8) in the main
text become |v˜g|, |v˜s=±| = viner/2, we get a full Lorentz
invariance. One can think of this special point as a
resonance state where the whole system moves as if it
were a rigid body described by a wave of unique velocity
|v˜g|, |v˜s=±| = viner/2. It is important to note that if we
consider a three-dimensional ferromagnetic spin system
instead, we can go up at finite T and the average group
velocity will naturally be nonzero as a nonzero K can be
achieved even without an application of electromagnetic
(e.g, optical) wave. That is, an ordinary AC magnetic
field suffices to generate the propagating nutation wave.
III. NUMERICAL SIMULATIONS
The explicit solution of the LLG equation with the in-
ertia and exchange field term Eq.(5) in the main text can
be determined most usefully by numerical integration.
We rewrite Eq.(5) in terms of the spherical angles θ, φ
starting with M(x, t) = Mseˆr where Ms is fixed while
the radial unit vector eˆr = eˆr(x, t) is itself function of x
and t. Following the derivation given in [1] and [2], we
obtain
9θ¨ − J
ητ
θ
′′
= − θ˙
τ
+
(
φ˙2 cos θ − φ˙
τ1
− ω2
τ1
)
sin θ +
ωAC(t)
τ1
cos θ cosφ− J
ητ
φ′2 sin 2θ
2
, (55)
φ¨− J
ητ
φ
′′
=
1
sin θ
[
θ˙
τ1
− φ˙ sin θ
τ
− 2θ˙φ˙ cos θ − ωAC(t)
τ1
sinφ+ 2
J
ητ
θ′φ′ cos θ
]
(56)
where α = γηMs, τ1 = ατ, ω2 = γH, ωAC(t) = γHAC(t)
are respectively the dimensionless Gilbert damping, the
relaxation time, the DC and AC Larmor frequencies,
while θ = θ(x, t), φ = φ(x, t), θ′ = ∂θ/∂x, φ′ =
∂φ/∂x, θ˙ = ∂θ/∂t, φ˙ = ∂φ/∂t, etc. We have chosen the
DC magnetic field to be along z axis and AC magnetic
field of the electromagnetic wave to be polarized along x
axis. The exchange field gives rise to the appearance of
spatial derivative terms of θ and φ in Eqs.(55-56).
The results of the numerical solution (simulation) of
the above equations are presented in Fig. 1. in the main
text. As we can see there, each of the spins oscillates
with time and as one can see already, immediately after
t = 0, a roughly periodic spatial variation develops (ap-
pearing like the teeth of a saw) and which travels across
the chain. This is the signature of the nutation wave that
we have earlier concluded analytically. The wave is peri-
odic in space but not sinusoidal which means that it can
be decomposed into different Fourier wave vector compo-
nents k. The amplitude of the wave quickly decays over
time due to the damping.
In solving numerically the solution to Eqs.(55-56), we
have set the initial conditions at t = 0 such that the
orientation of the spins forms a sinusoidal function of x.
We do not set any final conditions nor boundary condi-
tions since the dynamics involve damping so that while
there may be periodicity in space and time, the ampli-
tudes decay with time. The justification for this open
boundary condition is that while the system is determin-
istic (i.e. not stochastic), the dynamics is dissipative; i.e.
it does not preserve the energy. On the other hand, in
order to describe a non–trivial gauge field, we choose the
boundary conditions in such a way that the phase of the
complex scalar Φ = Mz+iM⊥ changes sign from one end
of the chain to the other.
To produce Fig. 1 in the main text, we have used the
following parameter values:
viner = 22, 200m/s, α = γηMs = 0.1, τ = 10
−14s, a = 2×10−10m
H0 = 0, Hac = 1T, ωac = 2pi × 1014rad/s
where the AC magnetic field of the linearly-polarized
electromagnetic wave is given by Hac(t) = H0 +
Hac sinωact. The τ sets the time scale while the a sets
the length scale. We have used as the initial condition
φ(x, t = 0) = 0.5 sin kx, φ(x, t = 0) = pi/2 + sin kx, which
gives rise to a propagating wave as shown in Fig.1. in
the main text.
x
tM
FIG. 6. The evolution of the spherical angles of the spins
on a spin chain θ(x, t)(left/top) and φ(x, t)(right/bottom) for
J = 0.
We experimented numerically by setting J = 0 and
found that the wave profile shown in Fig. 1 in the main
text vanishes completely as shown in the figures below.
On the other hand, when we set Hac = 0, the wave pro-
file still exists, but with reduced amplitude. This simply
suggests that the wave is due to the exchange interaction
and not by the excitation by the AC magnetic field of
the electromagnetic wave. In fact the exchange interac-
tion acts as the mediator of the nutation wave while the
AC field excites the wave. This is very analogous to the
fact that electromagnetic interaction mediates the prop-
agation of electromagnetic wave and that an AC electric
source is needed to excite the electromagnetic wave. We
also tried to use a spatially uniform initial condition, for
example, φ(x, t = 0) = 0, φ(x, t = 0) = pi/2 and found
that there is a spatial periodic pattern along the spin
chain due to the fact that the uniform state is not an
eigenstate of the system, but the periodic modulation
does not propagate as the time goes and decays due to
the Gilbert damping.
IV. THE STRENGTH OF NUTATION WAVE
With regard to the excitation of nutation wave by an
electromagnetic wave, we obtain from the linear analysis
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Eq.(42) the strength of the wave,
|δM(k, ω)| = i
ω
γ|M0||HAC(ω)|ei∆ψHAC,δM sin ∆φHM0,AC
(57)
where ∆ψHAC,δM = ψHAC(ω)−ψδM is the complex phase
angle difference and ∆φHAC = φHAC − φM0 is the differ-
ence in the azimuthal angle between M0 and HAC. Note
that δM(k, ω) is a complex-valued O(3) vector and the
| · · · | represents the length of such vector in the vector
space (not in the complex plane space), which is thus
still complex-valued in general. This result suggests that
the magnitude of nutation is proportional to the magni-
tude of M0, the amplitude of the electromagnetic driv-
ing field HAC and the angle between them and decreases
with the electromagnetic wave frequency ω. The inverse
proportionality on the frequency is in perfect agreement
with the same behavior for the transverse susceptibility
of the nutation peak found in [2]. One should remem-
ber that this amplitude preserves the magnitude of the
magnetization Ms.
V. DYNAMICAL INERTIA VS TOPOLOGICAL
INERTIA
It is interesting to compare the inertia term that arises
in short time scale of magnetization dynamics considered
in this work with the one that arises in topological spin
texture such as magnetic Skyrmions. In our work, the
spin texture considered is just a uniform (or nearly uni-
form) ferromagnet with no topological defect or texture
characterized by a topological invariant. The spin Berry
phase plays no role in the dynamics of the magnetiza-
tion under consideration and the inertia term that arises
relates to high energy excitations. In contrast, the in-
ertia term that appears in magnetic skyrmion originates
from the Berry phase effect giving rise to topological in-
variant that acts as a magnetic charge and that leads
to gyrotropic motion and chiral modes where the chiral-
ity arises from the superposition of two modes propagat-
ing with opposite but different velocities [4]. No modes
of chiral nature exist in the problem that we study, in
accordance with the nutation wave dispersion which is
completely symmetric just like that of the standard spin
wave, as shown in Fig. 3.
VI. NOTE ON THE NUTATION WAVE
DISPERSION RELATION
According to relativistic theory [5], the magnetic mo-
ment inertia is given by
Iij = ζ~
2mc2
[
I+ Re(χ−1m )ij
]
(58)
where ζ = µ0γ~/(4mc2). Since I ∼ γητ , we thus con-
clude that ωn ∼ mc2 where m is the mass of the fermion
and c is the speed of light. The nutation wave gap is thus
of the order of the rest mass energy of the fermion. If we
take this fermion to be the electron and neglect the con-
tribution of χm in Eq.(58), we obtain ωn of the order of
1021 rad s−1, which is an extremely high frequency, while
typical nutation resonance frequency is on the order of
1015 rad s−1 [3]. Certainly this suggests rather an esti-
mate for the upper bound to the nutation frequency and
that the renormalization effect of χm in Eq.(58) should
be properly taken into account.
As a final note, while we have set aside the contribution
of the electrically charged degrees of freedom, our theory
applies to ferromagnetic metals, that are used in data
storage devices, where the magnetization is produced by
the localized (d or f -orbital) electron spins. New effects
due to the presence of the s-conduction electrons and
their coupling to localized electrons are open questions
that we will address for a future work.
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